[1] Disintegration of ice shelves along the Antarctic Peninsula over the past two decades has clearly demonstrated their high sensitivity to recent changes in the local thermal regime of the atmosphere and ocean and has given rise to the question of whether mechanical coupling with waves in the ocean may provide the triggering mechanism that starts collapse events. Motivated by these events, this study considers a more general question: how ocean waves affect the stress regime of floating ice, and in particular, how ocean waves can influence the creation of fractures and its fatiguing that may lead to breakup and collapse. A new treatment of ice shelf/ocean wave interaction in which the typical "thin plate" approximation is relaxed is presented here, and exact, analytic solutions describing ice shelf stresses induced by long (>60 s period) ocean waves in various idealized ice/ocean geometries are derived. The numerical calculations demonstrate that the amplitudes of the wave-induced stresses are sufficiently large to initiate top to bottom crevasse penetration through the depth of the ice shelf. The cyclic nature of the wave-induced stresses contributes to ice fatigue and damage that is also a precursor to ice shelf disintegration. Although primarily theoretical, the results of the present analysis suggest that ocean waves could be a potential trigger of ice shelf collapse as well as less dramatic, but equally important, episodic calving.
Introduction
[2] The spectacular collapse of the Larsen A and B ice shelves (in 1995 and 2002, respectively) introduced an entirely new time scale (order of days) to glaciology and gave rise to a suite of new questions that were previously unimagined during the decades in which only slow, steady gravitationally driven flow of ice shelves was the main object of their study. Foremost among these questions is what constitutes both the long-term enabling conditions and the shortterm triggering mechanisms that allow such abrupt collapses. Scambos et al. [2000] have pioneered the search for possible long-term enabling conditions and have proposed a mechanism of ice shelf fragmentation based on hydrostatic pressure induced fracture of crevasses filled with meltwater. Extensive melt ponds observed on the surface of Larsen A and B ice shelves over the course of several summer melt seasons prior to their breakup were the obvious hint that meltwater presence was the key enabling mechanism allowing ice shelves to become conditionally capable of abrupt disintegration.
[3] A somewhat different enabling mechanism was proposed to explain the collapse of Wilkins Ice Shelf in MayJune 2008 which, unlike the collapse of Larsen A and B, happened in the austral winter season and did not immediately follow a prolonged series of extended melt seasons [Scambos et al., 2009] . To account for the unusual timing of the collapse, it was suggested that surface crevasses near the ice shelf front were initiated by ice front bending associated with the bending moment induced by hydrostatic pressure acting on the seaward ice front cliff face. Once initiated, the surface crevasses then propagated through the ice shelf as a result of hydrofracture associated with either subsurface meltwater or infiltrated seawater that could percolate into the crevasse. Braun and Humbert [2009] argued that the crevasses caused by hydrostatic bending moment must have been sufficient to cause the ice shelf breakup since no meltwater was observed at the ice shelf surface prior its disintegration.
[4] Probably, the most abundant reservoir of mechanically generated energy in the Earth's environmental system is the ocean. Originated in number of ways (e.g., by wind, gravitational attraction of the Moon and Sun, etc), and transported by various waves (short-period and long-period, surface, internal, etc), this energy directly impacts all forms of floating ice. In addition, calving ice creates waves through releasing its potential energy, and these ice-generated waves in their turn affect floating ice, potentially enabling "chain reaction mechanism" of a floating ice disintegration .
[5] Interaction of ice shelves with tides, and tidal effects on the stress regime of ice streams and outlet glaciers that discharge into tidally influenced bodies of water have been the subject of numerous studies [Bindschadler et al., 2003; Gudmundsson, 2007; de Juan et al., 2009] . Flexure of floating ice associated with tides was observed on various ice shelves and floating glaciers using a range of instruments: from tiltmeters and surface GPS [e.g., see Stephenson, 1984; King and Aoki, 2003] to satellites [Ray, 2008; Rignot et al., 2000] . Tidal effects on the ice shelf stress regime are studied primarily in a context of ice shelf flexure at the grounding line [e.g., see Vaughan, 1995; Schmeltz et al., 2002; Brunt et al., 2008] .
[6] While ice shelf/tide interaction has certainly deserved the attention it has received, less attention has been paid to effects of ocean waves with shorter periods, including the pervasive, meteorologically driven swell that has periods on the order of 10-100 s. Analysis of this form of ice/wave interaction was begun by Glynn [1978, 1981] , who suggested that ocean waves with frequencies close to those of 'normal modes' of floating tongue oscillations could cause iceberg calving. Observations from the Erebus Glacier Tongue, Antarctica, showed that its dominant vibration mode had a period of 16 s, and that this period coincided with the time scale of sea swell in the area. In addition to other stresses in the tongue, bending stresses induced by its vibration were surmised to contribute to development of crevasses associated with the detachment of an iceberg. Robinson and Haskell [1992] also argued that the direct impact of the ocean swell could trigger calving. Their observations on the Erebus Glacier Tongue suggested propagation of flexural gravity waves from the seaward terminus excited by ocean gravity waves and seiches within McMurdo Sound. They reported that the calving of the Erebus Glacier tongue occurred when there was no sea ice present in its vicinity, and noted the fact that an absence of sea ice would mean less damping of swell propagating from afar or generated locally by local meteorological conditions. MacAyeal et al. [2006] attributed the fragmentation of iceberg B15A to the arrival of a transoceanic sea swell "packet" originating from a strong storm in the Gulf of Alaska 7 days earlier. Seismometer data collected on both floating iceberg B15A and a nascent iceberg that is still attached to the Ross Ice Shelf revealed that the dominant energy of the impacting swell was in 10-100s s period band [Cathles et al., 2009] . Further analysis of seismometer records collected at the nascent iceberg revealed strong impact of infragravity waves with periods 50-250 s [Bromirski et al., 2010] . These waves are generated by nonlinear interaction of storm swell along continental coastlines and then travel toward Antarctica.
[7] The traditional approach used in the study of the ice shelf flexure caused by tides and swell involves as its central tenet either the 'thin elastic beam' (one horizontal dimension) or 'thin elastic plate' (two horizontal dimensions) approximation [e.g., Reeh, 1968; Glynn, 1978, 1981; Vinogradov and Holdsworth, 1985; Vaughan, 1995; Schmeltz et al., 2002; Reeh et al., 2003] . These approximations rely on three key assumptions. The first assumption is that a neutral plane of zero deformation is present at roughly the midplane of the ice. The second assumption is that vertical shear stresses (components that are subscripted by one vertical and one horizontal variable) are negligible due to the extreme thinness of the beam or plate relative to its horizontal extent. Finally, the third assumption is that vertical cross sections in the ice that are parallel when the ice is undeformed remain parallel after the ice is flexed. These assumptions allow neglect of the vertical shear-stress terms in the momentum-balance equations and thus permit their vertical integration to produce a simpler problem to solve (i.e., reducing the dimensionality by one). The upshot of these approximations is that the ice shelf is treated as being a membrane of zero thickness that resists flexure based on vertically integrated properties of the real system. Despite the restrictions entailed in adopting the simplifications associated with the traditional approach, great progress has been made using this approach in the studies of wave impacts on sea ice as well as on large man-made floating platforms [e.g., see Balmforth and Craster, 1999; Andrianov and Hermans, 2003] .
[8] The goal of the present study is to investigate impact of ocean waves on the stress-regime of ice shelves and other floating glacial ice with the aim of relaxing some of the restrictions associated with the thin-beam or thin-plate approach. The overall goal here will be to assess magnitudes of the wave-induced stresses and to determine the importance of the wave induced flexure on the integrity of ice shelves (e.g., the extent to which iceberg calving and ice shelf breakup can be influenced by waves). The major assumptions made in this study are as follows. First, as in previous studies, ice is treated as an elastic material with a constitutive relation described by Hooke's law. Glen's flow law is reserved for long-term viscous effects that underlie the static behavior of the ice shelf or floating ice body. The choice of an elastic relation is determined by the fact that ocean waves represent a high-frequency forcing [Hutter, 1983] . Second, the speed of ocean waves is several orders of magnitude smaller than the speed of elastic waves in the ice, therefore the problem of wave/floating ice interaction is treated as a quasi static problem in elasticity, i.e., elastic waves are not resolved and the wave/floating ice interaction is described by flexural gravity waves where the first-order influence of the elasticity of the ice is to provide additional restoring force to the deformed free surface associated with the wave.
[9] In contrast to previous studies, in the present one assumptions of the thin beam (or plate) approximation are relaxed, and a more general treatment of the elastic deformation within the ice layer is considered. Such a treatment allows estimation of the magnitudes of all stress components and obtains their vertical structure.
[10] This study restricts its focus to the effects of longperiod ocean waves only, because of technical and physical reasons. The physical reason is that short-period waves (high-frequency wind generated waves) are strongly damped by sea ice [e.g., Fox and Squire, 1991] , and have strong reflection from the ice shelf front, hence cannot propagate into the ice shelf cavity as effectively as long waves. In addition, Bromirski et al. [2010] have demonstrated that the ice shelf response to short-period waves is much weaker than to the long-period waves. The technical reason is that the treatment of the long-period wave propagation is significantly simpler than the treatment of an arbitrary-length wave propagation. As will be discussed below, it is possible to develop a treatment for arbitrary wavelengths, however, since the main focus of the study is the wave-induced stresses in the ice shelf and not the wave propagation, such a treatment is left for future study. Although the presented treatment focuses on ice shelf/ocean interaction, it is applicable to all forms of floating ice: ice tongues, shelves and floating glaciers, and the term "ice shelf" is used in a general sense representing any form of floating ice.
[11] This paper is organized in the following manner: It starts with a statement of the problem describing interaction of ocean waves (of arbitrary length) with ice shelves. This is followed by a description of the long-period wave impact on ice shelves and floating glaciers. The next part presents the new treatment derived here as well as a few exact, analytic solutions for the wave-induced stress distribution in the ice shelf. All mathematical derivations are presented in appendixes with major results discussed in the main body of the paper. Readers less interested in mathematical details of the presented model may proceed to the last two sections where physical interpretation and implication of these results are summarized.
Problem Description
[12] The focus of the present study is on simple solutions to the problems of ice shelf/ocean wave interaction in the most simple geometry possible: an ice shelf occupying a region of length L and thickness H floating on top of a water layer with depth H c . The ice shelf has a seaward boundary facing an icefree ocean half-space with depth H w (Figure 1a) , and a landward boundary consisting of a vertical wall that terminates both the ice and the water cavity below it. The ice shelf force balance is described by Newton's second law:
where r is the ice density (presumed constant),Ũ = {u, v, w} is the displacement vector, ∇ · is the divergence operator, s is the stress tensor andg is the acceleration due to the gravity. The ice is treated as a purely elastic material governed by Hooke's law [e.g., see Timoshenko and Goodier, 1970, p. 11] ik
where ik are strains, E is Young's modulus, n is Poisson's ratio, d ik is the Kronecker delta, and indices i and k refer to the components of a Cartesian coordinate system. The strain tensor is defined by
where U i is the ith component of the displacement vectorŨ .
Since there are six stress-tensor components and three components of the displacement vector, there are additional compatibility conditions that insure integrability of the momentum equation (1)
A useful additional relationship is the converse expression relating strains to stresses:
All displacements are assumed to be small. We restrict our attention to the two-dimensional case involving strain in the vertical (z) dimension and only one horizontal (x) dimension ( Figure 1b) . In this circumstance, there are no variations in the transverse horizontal dimension (y), i.e., iy = 0, where i = x, y, z. This implies (1)- (9) are described in the text.
Horizontal and vertical components of equation (1) are now written as
and the compatibility condition is now
As mentioned above, the phase speed of surface gravity waves in an ice-free ocean is much slower than those of elastic body waves in ice, given by the expressions for P and S phases [Timoshenko and Goodier, 1970] :
Typical values of elastic body waves in ice are: v P ∼ 3 km s
and v S ∼ 1.5 km s −1 [Kirchner and Bentley, 1979] . The fastest surface gravity waves propagate with speed ffiffiffiffiffiffiffiffi ffi gH w p ≈ 100s m s −1 . The large difference between this phase speed and the phase speeds of elastic body waves in ice suggests that the acceleration terms in the momentum equation (7) can be neglected, and that time dependence of the stresses and displacements be viewed as a quasi static response to the effects of ocean waves.
[13] Interaction of the ice shelf with the surrounding ocean occurs through pressure of the seawater at the ice shelfwater interfaces. As is widely assumed in studies of wave interactions with sea ice (for extensive review see Squire [2007] ), seawater is treated as inviscid and irrotational, and its velocity is described using a scalar potential function, i.e.,ṽ =rF whereṽ is the seawater velocity. It is also assumed that wave amplitude is small compared to wavelength so as to invoke linearized (Airy) wave theory [e.g., see Stoker, 1957] for the treatment of nonlinear terms in the boundary conditions for the seawater's free surface. The governing equation for F in the interior of the ocean, both seaward of the ice front and below the ice shelf, follows from the continuity equation,
where
. Two boundary conditions at free surface (evaluated at the unperturbed level according to Airy wave theory), describe mass continuity and the pressure condition (linearized Bernoulli condition), these conditions are combined into a single expression:
[14] At the distances far to the right of the ice front, in the open ocean, the solution for F satisfying the above equations and a no-flow condition at the bottom:
is
where A is the wave amplitude, w is the wave frequency, k is the wave number and H w is the water depth. The wave number k and frequency w are not independent, but satisfy a well-known dispersion relation
Waves propagating in the water affect the ice shelf by creating additional normal stresses at the ice-water interfaces (both on the seaward facing cliff of the ice shelf and along its bottom). In its turn, the ice shelf affects water flow by controlling the normal components of the water velocity at the bottom ice shelf surface, and at the ice shelf front, i.e.,
at the bottom ice shelf surface, and at the ice shelf front, respectively.
[15] To summarize, the problem considered in this study is to find horizontal and vertical displacements of the ice shelf, u(x, z; t) and w(x, z; t) and the potential F describing the ocean flow satisfying equations (7a), (7b), and (10) subject to boundary conditions (boundaries (1)- (8) identified in Figure 1b ) described in the following list. Since all displacements are assumed to be small, the boundary conditions are prescribed at the level of undeformed surfaces, i. e., outward normals at the ice shelf top and bottom surfaces are parallel to the z axis, and the outward normal at the ice shelf front is parallel to the x axis, respectively. Therefore, the stress conditions described below, reduce to conditions on the corresponding stress-tensor components.
Boundary Conditions: Ice Shelf
[16] Boundary 1: Clamped ice shelf at the landward boundary (x = −L)
[17] Boundary 2: Stress-free ice/air surface (z = H)
[18] Boundary 3: Prescribed normal stress, shear-stress free, at the seaward facing ice shelf cliff (x = 0)
is the hydrostatic pressure of seawater and r w is seawater density (assumed constant).
[19] Boundary 4: Prescribed normal stress, shear-stress free, at the ice-shelf bottom surface (z = 0) [23] Boundary 8: No-flow condition at the landward boundary of the sub-ice ocean cavity (x = −L)
3. Coupling at the Ice/Water Interface in the Longwave Limit
[24] As stated above, we focus only on the long-period waves due to the fact that they can effectively propagate into the ice shelf cavity, and therefore can affect the ice shelf not only at its front but within its interior as well. In addition, compelling observational evidence suggests that long-period waves are more effective in impacting ice shelves [Bromirski et al., 2010] . There are several sources of such long-period waves: infragravity waves generated along continental coastlines by nonlinear wave interactions of storm-forced shoreward-propagating ocean swells [Bromirski et al., 2010] ; very low frequency ocean swell produced by the strong storms [Shillington, 1981] . Such events are relatively rare [Shillington, 1981 , reports three in 8 years], however, the wave amplitudes are presumably significantly larger than amplitudes of infragravity waves. A transition from an arbitrary wave-period to a limit of long-period wave is described in Appendix A. In the longwave limit, wave propagation is described by shallow water theory [e.g., Stoker, 1957] . In this case the vertical variation of F is simplified, and equation (10) is vertically integrated, taking into account boundary conditions (11), (12) and (15a), to obtain:
for waves propagating in the open ocean, and
for waves propagating in the ice shelf cavity. Conditions at the transition from the open ocean to the cavity are continuity of mass and energy fluxes
[25] Notice that in the longwave limit the boundary condition (15b) is replaced by (24b). It should be noted that long waves are not dispersive and regardless of their frequencies propagate with the same velocity ffiffiffiffiffiffiffiffi ffi gH w p .
Interaction of a Finite Thickness Ice Shelf With Long Waves
[26] In this section, we relax the assumptions of the thinbeam approximation and develop a treatment of the waveinduced stress regime in a finite thickness ice shelf. The field equations and boundary conditions describing interaction of the long waves with the ice shelf are written as follows:
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The compatibility equation (8) is
The stress-tensor components s ik are related to the displacements u and w by Hooke's law (2).
[27] The shallow-water equations for the wave propagation in the ice shelf cavity subdomain is (23), and in the open ocean subdomain is (22), respectively. The boundary conditions are as stated in the previous section above.
[28] Because the equations are linear, it is possible to treat the ice shelf displacements, u and w, and stress-tensor components as a superposition of the time-independent, steady state components, and time-dependent components that vary quasi statically with the wave forcing. The latter terms in the superposition represent deviations from the steady state, associated with the wave effects, i.e., [29] Substitution of these expressions into (25) and boundary conditions (16)- (20) leads to a time-independent and time-dependent problems forf (x, z) andf (x, z, t), respectively, where f represents any of the variables in (27). Solutions of the time-independent (steady state) and timedependent problems are presented below.
Steady State Configuration
[30] The steady state problem considers only the ice shelf part of the problem forced by hydrostatic boundary conditions only that lead to the determination of the first terms in the superposition of the above representation of the problem's variables. Because waves are absent, the potentials F c and F w are zero. The momentum-balance equations are unchanged, as is the compatibility equation. The boundary conditions at the grounding line and at the top ice shelf surface are unchanged, but at the bottom surface of the ice and the ice front, only hydrostatic pressure of water is applied.
at the bottom surface, and
at the ice shelf front.
[31] The solution of the steady state problem is described in Appendix B. Figure 2 shows the spatial distribution of the stress components near the ice front for an ice shelf of thickness 300 m. The vertical stress component, zz , is shown in Figure 2 as the deviation from glaciostatic pressure. Maximum tensile longitudinal stress ( xx ) is achieved at the top ice shelf surface within the first kilometer from the ice front. The maximum compressional longitudinal stress is achieved at the bottom of the ice shelf at the seaward icefront cliff. The longitudinal stress is the dominant stress component (as is also the case in viscous, gravitationally driven ice shelf flow). Although the magnitude of the vertical shear stress, s xz is orders of magnitude smaller, the shear vertical stress is not negligible, and its vertical structure may have an important bearing on the structural integrity of the ice shelf. The glaciological ice shelf flow (associated with its gravitational deformation) is virtually longitudinal with vertical shearing being a second-order effect [MacAyeal, 1989] . The presence of a vertical shear associated with the bending moment generated by the hydrostatic pressure boundary condition at the ice front is, however, quite significant in light of the smallness of the Figure 2 . Steady state stresses (kPa) in a 300 m thick ice shelves caused by the hydrostatic pressure of water near the ice front.′ zz is a deviation from glaciostatic pressure.
viscous induced vertical shear stress. The vertical shear stress associated with the elastic response to the bending moment is of order ∼10-100 kPa and reaches maximum magnitude at the middepth of the ice shelf. The presence of this shear stress is likely to significantly contribute to the development of internal fractures necessary to allow the vertical propagation of top and bottom surface crevasses. It is interesting to note that the vertical stress near the ice shelf front has nonuniform spatial distribution, and is compressional immediately at the ice front, and extensional at about 1-2 km from it. The magnitude of deviation of the vertical stress s zz is much less than the glaciostatic pressure (10 kPa versus several MPa), but its spatial distribution is also variable and could thus be an important factor in determining fracture conditions near the ice front.
[32] Figures 3a and 3b show surface displacement and the longitudinal stress calculated with the thin-beam approximation [Reeh, 1968; Sergienko, 2005] and with equation (25) (denoted 'full system'). The thin-beam approximation results are compared to the displacement and longitudinal stress at the bottom ice shelf surface derived from the more general solution developed above. The magnitude and spatial distributions are very similar in both approaches, as the locations of the maximum stress and displacement are roughly the same. The agreement between the thin-beam approximation and the full system equations is very good, and lends confidence to both the thin-beam approximation and to the spatial patterns of deviations from the thin-beam results when the thin-beam assumptions are relaxed.
Ice Shelf Response to Waves
[33] The ice shelf flexural response to impact of long ocean waves is a superposition of the time-independent response: a solution of the steady state problem described in the previous section (ũ,w and ij ) and a solution of the following time-dependent problem. Field equations in the ice shelf domain are
Field equations in the ocean domain are (23) in the ice shelf cavity and (22) in the open ocean subdomain, respectively. Boundary conditions are the same as described above with following modifications:
[35] Boundary 3: Ice shelf front
[36] Boundary 4: Ice shelf bottom surfacê
[37] As described in Appendix A (see explanations to (A1)), another form of the equation for the potential in the cavity, F c , is
The method used to construct a solution of the fully timedependent problem in which wave induced pressures are also applied to the ice/water boundaries is described in Appendix C. It should be pointed out that due to a no-flow boundary condition at the landward boundary (21), there are two waves propagating through the ice shelf/cavity system: a transmitted wave from the open ocean and a reflected wave. Similarly, there are two waves: incident and reflected that propagate in the open ocean subdomain.
[38] Figures 4-6 illustrate snapshots of the wave-induced stresses ik . Recall that the total stress in the fully coupled wave interaction problem is formed by a superposition of ik ands ik shown in Figure 2 . The numerical calculations necessary to determine ik are calculated for waves with lengths 10 times or more larger than the depth of the open ocean subdomain. Results presented below demonstrate effects of an incident wave with a 10 cm amplitude. A choice of the wave amplitude is arbitrary, however it provides a sense of the wave impact. Although it is difficult to estimate amplitudes of the infragravity waves that mostly comprise long-period wave spectrum, their amplitudes increase as they arrive to the Antarctic continental shelf due to shoaling as well as to possible refraction at the continental shelf [Bromirski et al., 2010] . [39] Figure 4 shows snapshots of ik (i, k = x, z) in a 300 m thick and 40 km long ice shelf caused by a 7 km long incoming wave propagating in a 600 m open-ocean subdomain. The longitudinal component xx has the largest magnitude of about 25 kPa. The vertical variation of xx is almost linear, with maximum amplitudes achieved at the top and the bottom surfaces. The vertical stress component, zz , is almost 2 orders of magnitude smaller then xx , ∼200 Pa, and has its maximum at the bottom ice shelf surface and decreases toward the top surface. The vertical shear stress, xz , is about an order of magnitude less than xx , about ∼1 kPa, and has its maximum at the middle depth of the shelf. As mentioned above, the spatial patterns of the stress components shown in Figure 4 are snapshots of an oscillatory field which varies sinusoidally across the period of the incident wave, which is ∼92 s for chosen parameters.
[40] Figures 5 and 6 show the sensitivity of the longitudinal component xx to the water depth and to the length of the incident wave, respectively. Sensitivities of the other two stress components to these parameters are the same. As Figure 5 shows, increasing the depth of both the open water and the ice shelf cavity, the amplitude of the wave-related longitudinal stress component decreases for a given wavelength. The length of the wave propagating through the ice shelf/cavity system is also decreased. As can be seen from the solution described in Appendix C, this relationship to water depth depends on the parameter k c : the wave number of the 'free' wave in the cavity. With increasing cavity depth k c decreases, hence the wavelength increases, and the contribution of the 'forced' (described in Appendix A) wave decreases (C11), (C13)-(C14). As can also be seen from these expressions, the geometry of the ice shelf/cavity system that is most susceptible to the effects of wave action has H c ≈ H (H w ≈ 2H).
[41] Figure 6 shows the effects of various wavelengths. Generally speaking, the wave-induced stresses decrease in magnitude as the wavelength is increased. Waves that induce longitudinal stresses components ∼10 kPa and higher for the given geometry studied in this example are ∼6-15 km long, and this corresponds to a wave period of about 80-200 s.
Discussion
[42] The treatment of the impact of long waves on idealized floating ice shelf presented here demonstrates the significance of wave-induced stresses on the ice stress regime. What is perhaps most notable in this demonstration is the fact that some elements of the stress regime proven to be extremely insignificant when considering steady, gravitationally driven creep flow of an ice shelf have elastic counterparts that are much larger, especially near the ice front, when wave forcing is present. This result suggests that the process which leads to iceberg calving, and disintegration of ice shelf that begins at the ice front, is likely to involve wave effects that are otherwise invisible when only "glaciological stresses" associated with viscous, creeping flow is considered.
[43] The most significant novelty in the analysis presented here is the consideration of ice shelf/wave interaction in which the thin-beam (thin-plate) approximation is relaxed. The result provides an estimate of stress components that are normally neglected in the thin-beam approximation, and more importantly when considering the processes that lead to fracture propagation, has revealed vertical structure of the stress regime. There is a zone (about a few kilometers wide) close to the ice front that experiences strong vertical shear stresses in response to bending-moment effects of the seawater's hydrostatic pressure on the seaward facing ice cliff. The steady state vertical shear stresss xz and the direct vertical stresss′ zz beyond that associated with glaciostatic pressure both exceed order 10-100 kPa in magnitude. The maximum of the vertical stress′ zz is at the bottom surface of the ice shelf, and almost vanishes by middepth of ice. This vertical stress is compressive at the ice front and tensile farther inland.
[44] The vertical shear stress, xz , has its maximum at the middepth of ice. Although the amplitude of this stress term is several orders of magnitude less than that of the longitudinal stress xx , the presence and vertical structure of vertical shear stresses near the ice front is likely to have a bearing on the development of basal crevasses and on the iceberg calving process. The gravitationally induced stresses driving large-scale ice shelf creep flow are dominantly longitudinal with vertical shearing being second order. Thus, the presence of vertical stresses associated with ice shelf flexure with magnitudes ∼10-100 kPa can initiate bottom crevasses and promote their vertical propagation. The traditional theoretical [Weertman, 1973; Jezek, 1984; Van der Veen, 1998a , 1998b and experimental [Rist et al., Figure 6 . Sensitivity to the wavelength of the incident wave. Wave-induced longitudinal stresses (kPa) in a 300 m thick ice shelves. The depth of the ocean domain is 600 m. F04028 F04028 1996, 1999, 2002] treatment of crevasses considers their development only under normal stress in the direction of ice flow (Mode I, described by Van der Veen [1998a] ). However, the presence of vertical shear stress would allow crevasses to develop also by a vertical sliding mode (Mode II, described by Van der Veen [1998a] ). These results suggests that in circumstances where ice shelf stresses associated with large-scale ice shelf flow are relatively small (e.g., the Wilkins Ice Shelf prior to its collapse, Braun and Humbert [2009] ), wave-induced stresses could significantly contribute to the ice shelf stress regime, and potentially initiate its disintegration.
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[45] It should be noted that the flexural stresses induced by ocean waves are additional to all other existing stresses. Wave-induced longitudinal flexural stresses have amplitudes of 10-100 kPa and can contribute to initiation of the top and bottom crevasses. A criteria of ice failure, e.g., ice yield stress depends on many parameters: ice rheology, crevasse configuration and spacing, stress history etc. In a comprehensive overview of calving processes [Benn et al., 2007] indicate a range for yield stress 90-320 and 80-140 kPa for the tensile stress. Therefore, the wave-induced stresses of 10s to 100 kPa magnitude could be sufficient to cause structural failure of the ice.
[46] As [Weertman, 1973] and [Scambos et al., 2000 ] demonstrated, propagation of surface crevasses beyond a limiting depth requires their being filled with meltwater. This is not the case for the bottom crevasses that are always filled with seawater. The presence of additional longitudinal stresses through the depth of the ice shelf can both modify the critical depth to which crevasses can propagate freely in the absence of meltwater fill, and enable the further propagation of meltwater-filled crevasses beyond this limit. Observations of bottom crevasses on the Ross Ice Shelves [Jezek, 1984] show that they can reach about 120 m upward into ice in about 420 m thick ice. As calculations for an example of a 300 m thick ice shelf show here, the longitudinal stresses induced by flexure are on the order of a few kPa at 100 m depth. The presence of vertical stresses, and of vertical shear stress of ∼1-10 kPa through the depth of the ice shelf can promote vertical propagation of fractures and crevasses through the Mode II mechanism described above not only near the ice front, but across the whole length of the ice shelf.
[47] An important aspect of the wave-induced stresses is their cyclic nature. Over the course of the impact of many waves on the ice shelf/cavity system, the wave-induced stresses could contribute to fatigue damage thus further reducing the structural integrity of the ice shelf [Holdsworth and Glynn, 1981; Rist et al., 1999] . As [Bassis et al., 2007 point out, episodic propagations of a rift on the Amery Ice Shelf do not correlate with short-term variations in environmental forcing (e.g., winds and tides), however, cumulative effects of many wave cycles could build up ice fatigue that is resolved in episodic rift opening.
[48] The sensitivity analysis of the wave-induced stresses demonstrates that the wave impact decreases with increase of the wavelength, and the most efficient waves are up to 10-15 km long. Such sensitivity suggests that tides are significantly less efficient than shorter waves, and maximum tidal effect is achieved near the grounding line. The fact that tides cannot excite significant flexure in floating ice could be understood from following simple considerations based on the thin-beam approximation. The tidal wavelength is order of several thousands km, therefore the length of the flexural wave it excite is of the same order of magnitude. The length of floating glaciers, including largest ice shelves Ross and Filchner-Ronne, are several times smaller. Thus, the curvature (the gradient of the vertical displacement) of their flexure associated with tidal motion is extremely small. According to the thin-beam approximation, the flexural stress is proportional to the curvature gradient, and is small as well.
[49] Analysis of the expressions determining wave-induced stresses in the floating ice shows that the magnitude of the wave-induced stresses depends on three parameters: the length of the incident wave (or its frequency), the ice thickness and the depth of open water in front of the floating glacier. The stresses induced by propagation of the flexural wave through the ice shelf/cavity system (deviation from the steady state stresses) are the same for systems with different geometrical parameters if ratios between these three parameters are the same. That suggests, that field observations of the flexural phenomena on one ice shelf or floating glacier can only be applied to other ice shelves or floating glaciers with the same ratio of geometrical parameters. It should be pointed out that the exact expressions derived in this study cannot be directly applied to realistic geometries of ice shelves and floating glaciers due to a strong dependence of the wave propagation and stress distributions on spatial variations of the ocean bathymetry and ice thickness. These exact results should be used as a guidance to estimate the wave impact on the ice shelves' stress regime and gain better understanding in their flexure. Numerical simulations of the ice shelf/wave interaction model presented in this study, performed for realistic geometries will provide more refined estimates of the wave-induced stresses.
[50] The results of the present study suggest that ice shelf/ wave interaction may be an important in determining the evolution of the Antarctic Ice Sheet. It can play a significant role in iceberg calving through initiation and development of crevasses and fractures and ice fatiguing-especially near the ice front. The magnitudes of wave-induced stresses are sufficiently large to be able to control not only the size of an iceberg, but the time at which it detaches. This implies that the ever sought-for "calving law" [see, e.g., Van der Veen, 2002; Benn et al., 2007] necessary to determine the calving rate could be significantly influenced by wave characteristics, and its focus might expand from being "glaciocentric" only (determined by processes in the floating glacier) to representing a "wave-centric" point of view as well.
Appendix A: Transition to the Long-Period Wave Limit for the Ice/Ocean Coupling [51] The boundary conditions at the ice shelf bottom surface can be written in a form that is similar to the boundary condition at the free surface of the open ocean. Assuming that vertical deflections of the ice shelf are small, the vertical velocity of the ice shelf bottom surface is the time derivative of its vertical deflection, and can be expressed using (20) as
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Taking into account (15a) the above equation becomes
which is similar to a condition at the ocean free surface (11) with the only difference being a nonzero right-hand side.
[52] Two comments need to be made about equation (A2). First, the nonzero right-hand side in (A2) can be considered a 'forcing' term; hence, wave propagation in the cavity is 'forced' by the ice shelf flexure. Second, since equations (10), (12), and (A2) are linear, their solution can be expressed as a sum of a general solution of the problem (10), (12) and (A2) with zero right-hand side in (A2) and a particular solution that satisfies equation (A2) with the nonzero right-hand side. With this formalism, the wave propagation in the sub-ice cavity can be thought of as a superposition of "free" waves and "forced" waves caused by the ice shelf flexure. An advantage of thinking in this manner is apparent from the following considerations. As Figure 1b shows, the ocean domain (II) has two subdomains: the ice shelf cavity with depth H c , and the open ocean in front of the ice shelf with depth H w > H c . The propagation of "free" waves (with zero right-hand side in (A2)) from the open ocean subdomain into the cavity subdomain is similar to the problem of propagation of waves in an equivalent open ocean which has a step in its bed, which has been well studied in the past (its first treatment was presented by Lamb [1932] ), and which has results that can be directly applied to the present problem. In both cases, the wave propagation into the ice shelf cavity and over a step on the ocean bed, the horizontal velocity of water flow becomes discontinuous, i.e.,
where F w and F c are potentials in the open ocean and cavity, respectively. Due to linearity of the problem describing the wave propagation in the cavity, the above condition (A3a) could be accounted by a solution describing propagation of the "free" waves, and a condition for the "forced" waves would be
A comprehensive treatment of the wave propagation in an open ocean which has a steplike bathymetry is presented by Bartholomeusz [1958] where it was determined that waves of arbitrary wavelength could be expressed using a Fredholm integral equation of the second kind. This solution is significantly simplified, however, in the limiting case of long waves having wavelength much larger than water depth. Since the main focus of the present study is to determine the stress regime in the ice shelf, and since details of the wave propagation itself are of lesser interest, we restrict our attention in what follows to effects of only longwave propagation into the cavity. As a side note, treatment of the impact of waves with arbitrary lengths could be done in a fashion similar to the longwave impact presented below by accounting for the results of Bartholomeusz [1958] . 
Equations (25) are satisfied if
Note that compatibility equation (26) is equivalent to (B1). It also should be noted that displacement vectorŨ = {u, w} satisfies following equations
however,Ũ is not an arbitrary biharmonic function. It also has to satisfy (25a)-(25b) and corresponding boundary conditions [e.g., see Landau and Lifshitz, 1987, p. 30] .
[54] To satisfy equation (B1) and its boundary conditions (16a)- (17) and (28)- (29), we express Y in the following form
C (1−4)n , A m and B m are unknown coefficients determined from the boundary conditions, and
[55] The zero shear stress boundary condition at the iceocean interface and the ice shelf top surface requires that
This leads to following relationships
The normal-stress boundary condition at the ice front (29) written in terms of Z n and X m is
Since cosm m z is a set of orthogonal functions, multiplying both sides of this equation by cosm m z and integrating with respect to z from 0 to H gives the following expression for A m :
[56] Normal stress conditions at the top and bottom ice shelf surfaces are
where w(x)| z=0 is the vertical deflection of the ice shelf bottom surface. To determine w(x)| z=0 we use following steps. First, we use expression (5) for xx . In case of a two dimensional geometry (plain strain)
Substituting s xx and s zz in the form given by (B4), integrating with respect to x from x = −L (the landward terminus of the sub-ice ocean cavity) to an arbitrary position x, and taking into account the no-displacement condition at the landward terminus of the sub-ice ocean cavity (16a), we get the following expression for horizontal displacement u(x, z):
Next the zero shear stress boundary condition at the ice shelf bottom surface implies
[57] Using equation (B21) and conditions (B14) we get @w @x
Hence,
Substitution of this expression for w(x)| z=0 into the boundary condition (B19) gives
where we used Z n (0) = C 2n and Z′′′ n (0) = −2C 1n l n 3 . Using expressions (B15a)-(B15b) for C 3n and C 4n , respectively, the normal stress condition (B18) at the top surface can be written
[58] Once again using the orthogonality of the cosl n (x + L) functions, we multiply both sides of equations (B25)-(B26) by cosl j (x + L) and integrate with respect to x from −L to 0. This yields a set of algebraic equations for unknown coefficients C 1n and C 2n
In practice, infinite sums with respect to n and m are truncated at some large integers N and M, respectively. Knowing the set of coefficients C 1n and C 2n we can recover all other coefficients necessary to determine the Airy stress function Y (x, z), hence all components of the stress tensor s and all components of the displacement vector U = {u, w} are thus evaluated.
[59] The algebraic transformations used in this solution were performed with Mathematica™. The stress distributions obtained in this solution are shown in Figure 2 . As a check, a numerical solution of (25)- (26) subject to boundary conditions (16)- (17) and (28)- (29) was constructed with a finite element solver COMSOL and found to compare favorably. k c = l n . Therefore, the appropriate particular solution f c p in (C6) is
[65] The no-flow condition at the landward boundary (x = −L) (21) leads to following expression for the unknown coefficient P:
where Q is defined by (C14) Two other sets of linear algebraic equations relating coefficients C 1n , C 2n and A m are obtained from the zero normal stress condition at the ice shelf top surface (17c), and the normal stress condition at the ice front (31). Substituting s zz in the expression (C7) into (17c) and using the orthogonality of cosl n (x + L) we obtain the same set of equation as (B28). Substitution of s xx in the form (C8) into (31) yields
